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THE BUCKLING BEHAVIOUR IN AXIAL COMPRESSION
OF SLIGHTLY-CURVED PANELS, INCLUDING THE
EFFECT OF SHEAR DEFORMABILITY

G. G. Pore

Royal Aircraft Establishment, Farnborough, Hants., U.K.

Abstract—The buckling behaviour in axial compression of infinitely-long shallow cylindrical panels with simply-
supported edges is analysed, taking shear deformability into account, and the slope of the load—(end strain} curve
at the instant of buckling is evaluated ; both orthotropic and isotropic materials are considered. The analytical
results are of particular relevance to the overall buckling behaviour of panels made from sandwich and other
composite materials.

NOTATION

2a, 2b length and width of panel
a;, 4, amplitude of buckling mode i, s in deflected form
D.D,D,, bending rigidities per unit width

x0 h2/4(1 _'vxvy)Fx
dy’dxy Dy/Dx’ny/Dx
E Young's modulus
ey, €4y F /F . F.[F,
F,,F,F,, membrane deformabilities per unit width
F(a,, B,). G(z,, B defined by equations (32) and (33)
h thickness
J defined by equation (34)
k (2B (1—ve

Rh ut

L, MY, N%,, Piy,  see equation (14)
MM M,, moments per unit width

Ny, Ny membrane forces per unit width

0.0, shear forces per unit width

radius of curvature
S, S, shear deformabilities per unit width, defined by equations (9)
5005, D,S./(2b)%, D,S,/(2b)?
S(6) defined by equations (34), (35) and (36)
w normal deflection
w 2{1—vor)tw

x u  h
X,y axes shown in Fig. 2
XY x/b, y/b

A
3y, By 7 (@r=1)7, @s= 13, min
Ers €4y Yy membrane strains
ur? ( h )2
€ - —
1—v,v,\2b
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n mean end load in panel is given by 2e,nb/F,

%o value of y at the instant of buckling

8,.8, roots of equation (24)

A bia

# D x = n“D xQ

Ve, ¥, Poisson’s ratios in bending, defined by equations (9)

Vi Vy Poisson’s ratios for membrane strains, defined by equations (2)
Doy Gys membrane force functions corresponding to modes ¥, and ¥, ,
YUX, Y) typical buckling mode

Yo(X, Y) critical buckling mode

1. INTRODUCTION

THE critical buckling modes of elastic panels made from sandwich and other composite
materials can usually be divided into two categories. Firstly there are local modes which
depend mainly on the detailed construction of the composite material itself, and secondly
there are overall modes in which the average stiffness properties and the panel boundary
conditions are of primary importance. An adequate theoretical assessment of the elastic
properties of composite materials is seldom practicable, so it is usually necessary to perform
a series of tests on suitable specimens to investigate the local buckling behaviour and to
evaluate the stiffness properties under bending, shearing and in-plane loads. Using these
data the critical overall buckling modes may be analysed by treating the panel as an ortho-
tropic plate or shallow shell with finite transverse shear deformability. An analysis of this
kind of the overall buckling behaviour of an infinitely-long shallow cylindrical panel in
axial compression is given in this Report. The edges are assumed to be intimately attached
to longitudinal members which remain in the middle surface of the undeformed panel,
and which have sufficient axial rigidity to remain in a state of uniform end strain when
buckling takes place; these members have, however, negligible torsional rigidity and
negligible bending rigidity in the middle surface of the panel. The analysis is valid provided
that the wavelength of the critical overall mode is large compared to the thickness of the
composite material. When the wavelength of the overall mode and the thickness are of the
same order of magnitude, an adequate theoretical analysis is only possible on those rare
occasions when a satisfactory mathematical idealisation can be found to describe the local
deformations. Eringen [1] gives an example of such an analysis.

The buckling behaviour in axial compression of cylindrical panels with significant shear
deformability has been analysed on the basis of classical small-deflection theory [2] by
Leggett and Hopkins [3] and by Stein and Mayers [4]. The results of such analyses must,
however, be employed with caution because the extent to which geometrical imperfections
influence the buckling behaviour of real panels depends on the stability of the post-buckled
behaviour. The slope of the load—end strain) curve for a flat panel is invariably positive at
the instant of buckling and the effect of imperfections on the buckling load is then usually
of little importance. The effect of imperfections increases rapidly with the curvature,
however, when the shear deformability is zero {(see Koiter [5]) due to the decreasing stability
of the post-buckled behaviour, which is illustrated in Fig. 1. In general, the buckling load
calculated using small deflection theory and assuming no imperfections only gives a useful
estimate of the buckling load of a real panel when the post-buckled behaviour is completely
stable, as indicated by curve (a). It is often of interest, nevertheless, to know if a panel has the
partial stability indicated by curve (b), since buckling during a prescribed variation of the
end strain then involves no sudden reduction in the end load.
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Koiter [5] gives an analysis of the buckling behaviour in axial compression of an
infinitely-long isotropic cylindrical panel with negligible shear deformability, in which the
slope of the load—(end strain) curve at the instant of buckling is evaluated exactly. A similar

SMALL DEFLECTION THEORY
BUCKLING LOADS — =

LARGER
CURVATURE

END
LOAD

VERY SMALL
CURVATURE

MEAN END STRAIN
F1G. 1. General form of load—(end strain) curves for perfect panels with zero shear deformability.

analysis is given in this Report for panels with significant shear deformability and with
either isotropic or orthotropic properties. Slightly different boundary conditions are em-
ployed, however, which lead to considerable simplifications in the analysis without reducing
the value of the results. The expressions derived for the buckling load and for the slope of the
load—(end strain) curve at the instant of buckling have a relatively simple form and conse-
quently numerical values can easily be computed for any composite material of interest.

The basic equations governing the deformation of orthotropic panels with significant
shear deformability are derived briefly in Section 2 in a form similar to that given by Stein
and Mayers [6], and the general theory of the stability analysis is outlined in Section 3 where
a number of useful relations are presented, which have been derived in a broader context
by Thompson [7]. The detailed analysis is given in Section 4 and some illustrative examples
are presented in Section 5. The latter demonstrate that the deformation at the instant of
buckling can sometimes become more stable with increasing panel curvature when the
shear deformability is not zero.

This Report is concerned entirely with the behaviour of panels at the instant of buckling.
The elastic post-buckled behaviour of curved panels is discussed by Koiter [5] and by the
author [8), who gives an approximate analysis of the deformation after buckling of isotropic
panels with negligible shear deformability. The behaviour of orthotropic panels with
significant shear deformability would be qualitatively similar if the deformation were
purely elastic, but composite materials, which are the main application for these more
general properties, frequently deform inelastically as soon as buckling has taken place; a
theoretical analysis of the deformation after buckling is then impracticable.
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2. BASIC EQUATIONS FOR THE DEFORMATION OF PANELS WITH
SIGNIFICANT SHEAR DEFORMABILITY

A brief derivation is given in this section of the basic equations governing the deforma-
tion under membrane loading of a cylindrical panel made from a composite material with
significant shear deformability. These equations are, in effect, a generalization of the well-
known von Karman equations for the finite deflection of plates, to include small cylindrical
curvature, orthotropy and shear deformability.

The following overall properties of the composite material, which influence the deforma-
tion of the panel, must usually be evaluated by tests on suitable specimens:

(a) The bending and twisting rigidities D, D, and D, and the corresponding Poisson’s
ratios v, and v,. In a homogeneous isotropic material

D, = D, = ER*/12(1—v?), D,, = ER*/12(1+v)
where 4 is the thickness.

(b) The membrane deformabilities F, F, and F,,, which can be employed here more
conveniently than the membrane rigidities, and the corresponding Poisson’s ratios v, and
v,. In a homogeneous isotropic material

F.= F, = 1/Eh, F,, = 2(14v)/Eh.

(c) The shear deformabilities S, and S,.
These twelve material properties are defined by the (membrane force}-strain and moment—
(shear force) curvature relationships given in Sections 2.1 and 2.2. Only ten independent
properties are involved, however, because the values of v, and v, and of v} and v; are linked
by the reciprocal theorem.

The x and y axes are chosen to lie in the middle surface of a curved panel of radius R
and thickness h as shown in Fig. 2. The x axis is parallel to the generators and the edges are

e

R

<L

\\b
T

s ‘J‘Y P X, X
a
\1\ (WAY}

\\

Fi1G. 2. Axes and dimensions.
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defined by x = +a and y = +b. In the subsequent analysis the limiting case will be con-
sidered when the length 24 tends to infinity.

It is convenient to relate the bending properties of the composite material to those of a
reference sandwich material with the same membrane deformability, the same thickness and
the same Poisson’s ratio properties in bending, but with all the membrane-stress-carrying
capability concentrated in covers which are very thin compared with the total thickness.
The bending rigidity of such a material about axes parallel to the y axis is given by

D,y = K*/4(1—v,v)F,.
The corresponding bending rigidity of the actual material may then be expressed as
Dx = .quO .

The parameter g, which depends on the form of construction, has the value 1/3 when the
panel is homogeneous.

The subsequent analysis is expressed for simplicity in terms of the following non-
dimensional notation:

X=x/b, Y=,V/b,

_ Q@)—Z (1 —vxvy)* 21 —vxvy)* w

k )
Rh ut ® Wk

where w is the radial deflection. It is useful to note that the eccentricity é of the panel centre-
line relative to the plane containing the edges is given by

é (@b pk
h 8Rh  8(1—vw )t

2.1 Membrane force function
The condition that the membrane strains ¢,, ¢, and y,, are compatible is given by

O, %, Oy, [Pw)P Pw[PPw 1
oy* ' ox* oxdy \oxdy] ox*\ay* R)’

which may be re-expressed in the following non-dimensional form:

& 628y_ Py, | opmt [h 20 2w \2 62W[62W k
oY 0X* 8XoYy 1-vw\2b) \oxoy| ox?\ay? 2a|f"

(1)

These strains are related to the corresponding membrane forces N, N y and N by the
expressions

03

&= Fu.N,—V,F,N,, ¢ =FN,—V.F.N,,
ny = nyny

where the Poisson’s ratios v, and v} are linked by the reciprocal relation

v.F,=vwF,. )
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The membrane forces are in equilibrium so they may be expressed in terms of a function ¢
such that

e [0%¢ 0% qub
N, N, N, ==, =5, 4
oy 4 F,C(aY2 0X?  oXay @
where the factor ¢,/F, is introduced for convenience, and where
2 2
umn h
= — — . 5
‘o 1-vay(2b) ©)

In the special case when the bending behaviour of the composite material is isotropic and
the shear deformability is negligible, this reference strain is the end strain at which a flat,
square, simply-supported panel would buckle in axial compression.

Substituting equations (4) in equations (2) and then substituting equations (2} in
equation (1), we obtain

o) o4 84¢__(02W)2 alw(a2w k)

Gaxs T o Vem e eyt aye = Tlaxay] T oxT\avE aa (6)

where

e, = F,/F,, ey = Fo/F,.

2.2 Radial equilibrium equation

Consider an element of the panel subjected to moments M,, M, and M,,, shear forces
0., 0, and membrane forces N, N,and N, asshown in Fig. 3. Taking moments about the
x and y axes and resolving forces normal to the element, the following three equations are
obtained :

M, oM,

-0, =0
ox dy O ’ )
oM, oM.,
~C=_g, =0,
dy  Ox %
20, 99, . w (w1 Pw
wt +Nx5~ N\ 57 k) T gy = O (®)

The relationships between the normal deflection and the moments and shear forces may
be written in the form,

-

o fow o [ow

.= o[ f5-se) g3 -se) |
ow J 0w

My = "D}‘[ay(a -3 Q’)” *0x (6{'5"@‘)}’

Dl o 5w 5} 6w_a
T
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F1G. 3. Forces on a typical element.

where the Poisson’s ratios v, and v, are linked by the reciprocal relation
v,D, =v,D,.

Substituting equations (9) in equations (7) and employing the resulting equations to
eliminate @, and Q, from equation (8), the following equation is obtained if the membrane
forces are expressed in terms of the force function ¢ :

Fiad % 4 W rind . %
ox* T Ve dy ) Gyt Gy
d,, °W v, W
— 2[71-ysy G + {ZSy(l —VeV)— dxysy(vx + d—’) + dxysx} X372
y

oW W
W+dx).dys ————‘]

*oY*
02 0t d 0? o?
2 —4 _ - xy _ !
*r {(1 ox? 2‘1”5"6}'2)(] 2dysyax2 4S’aY2)

+{2d,5,(1 —v,v))—d, 5.(v.d, +v,)+d, s}
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d,\ & 3¢ 32w
_4sxs},(2vy+dx),)(2vx+~éf)m} {5)-]3 e
+62_¢62W k 25% aw
0X2\ Y2 2n O0X3Y 0XoY |

(10)

where

d, = D,/D,, d,, = D,,/D,,
se = D,S/(2b), s, = D,S,/(2b).

3. BASIC ANALYSIS OF THE BUCKLING BEHAVIOUR

Let the deflection of the panel be expressed in the form
W =% a®(X,Y) (11)
i=0

where the functions ®,(X, Y) represent all the possible buckling modes of the panel under
the applied loading. An infinite set of simultaneous equations for the amplitudes a; may
be derived using the principle of virtual displacements, which may here be expressed in the
form [9, 10]

+ 1 +afb
f j UswdxdY =0 (12)
-1

~alb

where U represents the left hand side of equation (10), and where W is an infinitesimal
arbitrary virtual displacement satisfying all the boundary conditions. Substituting virtual
displacements given by

SW, = 8a,0(X, Y) (13)

in equation {12), and using equation (6} to express the membrane force function ¢ in terms
of the displacement functions ®,(X, Y), the following infinite set of simultaneous equations
is obtained :

(Li+7,Mi)a,-+ Z Z N;'kajak+ Z Z Z P;k[ajakal = 0 (14)

J=0 k=0 Jj=0k=01=0

where 2eonb/F, is the mean end load in the panel and where L, M, N’, and P}, are con-
stants.

If now the function ®y(X, Y)is chosen to represent the critical mode, buckling will occur
due to a monotonically increasing end load when the parameter y reaches the value

no = —L%/M°. (15)
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The following expressions, which are derived in more general terms and in greater detail by
Thompson [7], may be deduced from equations (14):
4 00 .
Lt 5= ————, i#0, 16
7o dg L'+ oM’ (16)
0
L 97 _ -£Y%$‘
1= 1o dao M
When the sign of the amplitude a,, is arbitrary, N3, = 0 and
d?y 2 2 2ANb,)?
1o dag MO{ 000 i_-—-_zl Ll+r,0Ml ( )

(a7

4. THE BUCKLING OF SIMPLY-SUPPORTED PANELS

The buckling behaviour in axial compression of an infinitely-long shallow cylindrical
panel with significant shear deformability is now analysed, using the theory outlined in
Section 3. A panel of finite length is considered first with a somewhat artificial combination
of boundary conditions at the ends; the results obtained for this panel are then used to
deduce the buckling behaviour of a corresponding infinitely-long panel.

4.1 Panel of finite length

Consider a cylindrical panel bounded along the straight edges by members which are
constrained to stay in the middle surface of the unbuckled panel, and which are stiff enough
to remain in a state of uniform end strain when the panel buckles. If these members have
negligible torsional rigidity and negligible bending rigidity parallel to the middle surface
of the panel, the boundary conditions on the edges y = +b5 are given by

w=0, M,=0 N, =0, Q,=0 ande, =const (19)
Substituting these boundary conditions in equation (8) and in the second of equations (9),
and eliminating Q,, we obtain
o2 ?
P s N
dy Oxdy
which may be rewritten in the form

CW _ s 39 OW

3Y? T “VF. 3X0Y 6XaY 29
When the shear deformability is negligible this equation reduces to
PW/Y? =0, (21)

Consider now the expressions for ¢ which are given in equations (23), (25) and (27) of the
subsequent analysis. It follows from these equations and from equation (16) that 2¢/0X Y
becomes a function of a, (or a2 if k = 0) in the limit as # tends to #,. The value of 32W/0Y?
on Y = +1is then a function of a (or a3 is k = 0) by virtue of equation (20). This value of
*W/0Y? is negligibly small compared to the corresponding limiting value on the panel
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centre-line, which is a function of a,, so the simplified boundary condition (21) may be
employed in this analysis even when the shear deformability is significant.

The ends of this hypothetical panel are subjected to a system of constraints which act in
such a way that all the buckling modes in axial compression are also buckling modes of a
similar panel of infinite length under the same loading ; they are thus specified by a deflected
form which is sinusoidal both axially and circumferentially. It may readily be verified that
the amplitude of the critical buckling mode of the relatively shallow panels considered here
varies across the width as cos nY/2. Suppose, now, that the properties of the panel are such
that the deflected form in the critical mode is antisymmetric about the Y axis and is thus of
the form

Wy = agsinyX cos §,;Y (22)
where
y = mir, B, = 2n—1)n/2, A=bla
and where m is an integer which is chosen to make the buckling load a minimum. The

corresponding membrane force function may be deduced from equations (6) and (19).
When the membrane properties are orthotropic this function is given by

_nY? ok agy?sinyX cos B, Y

+— ! f
%o 2 2meytt(en,—vi—e Vi v+ By
2 2 2
ai[ 1 p? I [,,c0sh8,Y  coshf,Y )
—_—l - 1 0 -8 —i=cos28,Y 23
32[ey 2 cos EyX{ +6f~9§\ 2 coshf, ! cosh®, B cos 26, @3)
where #, and 8, are the positive roots of the equation
0* —d(e,, — v, —eV,y?07 +16e,y* = 0. (24)

When the membrane properties are isotropic this force function is given by

p “r]Y2+_k_a0y2sinchosﬁ1Y
CT2 T2 B

ag| B
*3—2' Fcos2yX 11—

5=—(cosh 2y +y sinh 2y cosh 2yY —yY cosh 2y sinh 2yY)
cosh*2y

,})2
_2 cos 2, y}. 29)
By

Since the critical mode is antisymmetric about the Y axis, the sign of the amplitude is
arbitrary at the instant of buckling and consequently

d
Lt =1 —o.

n-no dag

It can readily be demonstrated that all the coefficients of a3 in equation (10) are symmetrical
with respect to both the X and Y axes. Consequently the corresponding terms N, in
equations (14) are only non-zero when the higher buckling modes are also doubly-sym-
metrical. It follows therefore from equation (16) that the behaviour of the panel at the instant
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of buckling may be analysed exactly by expressing the deflection in the following form:
o 0
W =agsinyXcosB, Y+ Y 3 a,cosaXcospY (26)
r=1s=1
where
o, = (2r—1in/2

and where the double suffix rs is used, for convenience, to replace the single suffix i in the
basic theory given in Section 3. The membrane force function corresponding to a typical
doubly-symmetrical mode may here be represented by

_ k. a,? cos a,X cos Y )
21 e,0) + (e, —vi—e v )t B2+ B’

Drs V)]
further terms in the stress function, which involve a2 and products of the amplitudes of
different modes, do not enter the analysis.

Substituting equations (23), (25), (26) and (27) in equation (14), and then substituting
the relevant terms of the latter equation in equations (15) and (18), we obtain the following
expressions:

! k? v Gy, 1)
o F B ALY , 28
o 7{2}'26(% ﬂl){ ()) '61) 4 €y}?4+(€x},—\’x—€y\’y}’}’zﬁ%‘*‘B?} ( )
a1 11 |J
Lt o= d R | L g2y
n—+no dag 8'}’2[? +B?{ ey+G('ya ﬂl)(ze}’ )}] (29)
where
V=322Y Y R, (30)
r=1s=1
2y [BG(0,28,)  «,G(2y,0) ,G(2y,0) 1?
r - LGB @B B By —ad)] " aB o a1
r k* o*Gla,, B)
F " r r» Ms 2.2
(a,, ﬁs)+ 4 eyaf +(exy_ v;_eyv;)arzﬁsz +B:. oo, nOG(ar: ﬂs)
and where
Flo,, B) = o +(2d,y +ved, +v,)ol B2 +d, B}
d
+2 [fsyaf + {23,,( T—vwv)— dxys),( v, +%’) +dxysx} atp?
Y ¥
+ {Zdysx(l - vxvy) - dxysx(vxdy + vy) + dxysy}azﬂ:

+d.,dys. B3 :I ; (32)

Gla,, B) = (1 +4s.02 + 2dx},sx,83)( 1+ Z%Xsyaf + 4syﬁsz)
¥

——4sxsy(2vy+dxy)(2vx +d-(—z-x-"’) aZp?. (33)
y
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When the membrane properties are orthotropic

J= mw%swl) tanh 8, —6;5(8,) tanh 6, }, (34)
where
S(O) = H, +(B3 =20%)H, + (Bt —8620% + 30%)H, (35)
and
H, = 1+2’2(‘;y s, +2s )-&»Sd’i’s 57,

H, = 2[4y25xsy {2(1 — V) - d"y(% + vx)} +dgys, + ZSy] ,
¥y
H3 == deysxsy.
When the membrane properties are isotropic,

tanh 2y
2

J = S(2y)sech?2y — (3H, + (3 —8y)H, + (34— 32B22 — 48y H,} . (36)

The mean end strain in an element of the panel parallel to the X axis is here denoted
by the product &g, where

°=3 Jﬂu {5?5“ EF“Lz(aX) }dX (37)

The mean end strain immediately after buckling may be evaluated by substituting equations
(23),(25), (26)and (27) in equation (37), and by noting that a} and a,, are of the same order of
magnitude in the limit as # tends to 5, (see equation (16)). The following expression is then
obtained :

aoy k) > < o} (B —va}) cos BY
T r=15=1 € a;‘_*_(exy_v;c“eyv;)arzﬁsz'*_ﬁ:.

(38)

4.2 Panel of infinite length

The foregoing analysis of the buckling of a panel of finite length is of little practical
interest as it stands, since the deformation in the buckled state corresponds neither to a
uniformly distributed load on the ends nor to a uniform mean end strain across the width.
It is evident from equation (38), however, that the mean end strain is uniform across the
width in the limit when the length tends to infinity (4 — 0). The results obtained for this
panel of finite length may therefore be used to deduce the behaviour of the corresponding
infinitely long panel in uniform axial compression, provided that this limiting case is not
influenced by the implicit assumption that the critical buckling mode is antisymmetric
about the Y axis. Now the amplitude a, of the critical buckling mode is of arbitrary sign
when the buckling mode is antisymmetric [ie. Lt (dn/day) = 0], but it has a preferred

sign when the mode is symmetrical and the length of the panel is finite [i.e. Lt (dn/da0 #0

when the curvature is non-zero]. Consequently the relationship between the load parameter
n and the strain parameter ¢ at the instant of buckling for a panel of finite length can have
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two distinct forms, depending on the nature of the critical buckling mode. When, however,
the length of the panel is infinite, the sign of the amplitude of the symmetrical critical mode
is also arbitrary and it can then be demonstrated that the same result is obtained irrespective
of whether the critical mode is assumed to be symmetrical or antisymmetrical.

4.2.1 The critical buckling load. The buckling load of the infinitely-long panel in axial
compression may be evaluated directly by substitution in equation (28) if the wavelength of
the buckles along the X axis is specified ; the minimum buckling load may thus be deduced
by varying this wavelength. It is usually easiest to perform this minimisation process
numerically. When, however, the shear deformability is negligible and the bending and
membrane properties are such that

ed, =1, (39)

the minimum buckling load occurs when

Ty
Y= Ed; (40)
provided that
71.2
k S—z—{2+(exy—v;—eyv'y)e;%’}. (41)

Thus the axial and circumferential wavelengths of the buckles are equal when the panel is
isotropic if

k <2q%

This result for the isotropic panel has previously been given by Timoshenko and Gere [2].

422 The slope of the load—(end strain) curve at the instant of buckling. The critical
buckling mode may be substituted in equation (29) to evaluate d?s/da? at the instant of
buckling. The parameter 4 is zero, however, in the limit when the panel is infinitely long and
consequently the term V in this equation, which is defined by equations (30) and (31), can
only be non-zero when a, assumes the value 0, y or 2y. This term may be evaluated with the
aid of the following relationships which are obtained by expressing «, and 7 in terms of r
and m:

42)

€ L 2 1 = 1 2
Lt — | == JE— .
a0 ,Z‘l (4}'2—*%2) n? ,; (4m—-2r+ ])

Since 2y is finite, the terms of this series are only non-zero in the limit as 4 — 0 when both
m and r are infinite. Consequently

20 1 2 w 1 2 7[2
Lt —_—} = = —
A-»o,; (4m—-2r+1) 2% (23‘——1) 4

r=1
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and

@K 2
£y (—_—’3‘“' ) L (43)

is0, S 4yt —o? 4

Substituting equations (42) and (43) in equations (30) and (31), we obtain

- 294 1)G<2v, 0)}2
V=32 +5
= [{(()}2 +83)?% 4 28,
ak*y*G(2y, By
X {F(z'% ﬁs} + 169};}:4 + 4{exy — V; - €yv;)}'zﬁ§2 + [3:'

5 {_‘ 74860, 28,
(% + BIVapt -~ B2)

-1
—4n?yin,G(2y, Bs)}

}z{d}ﬁ?(i+2dxysxﬂf)}_‘] @)

The mean end strain in the infinitely-long panel immediately after buckling is obtained
by putting 4 = 0 in equation (38). Differentiating this equation with respect to n and noting
that

dn

Lt — =0,
n—no dao

the following expression may be deduced for the slope of the load-{mean end strain) curve

at the instant of buckling:
dy d*p 7% 7T dn
Lt — = Lt {{=——5+%] —35¢. 4

’1—050 de n—no {(daé+ 4 daé ( 3)

5. ILLUSTRATIVE EXAMPLES

The theory developed in the preceding sections is now applied to two specific classes of
infinitely-long panels.

5.1 Isotropic panels
As a first numerical example we consider panels whose properties are isotropic in the
sense that
ey = |8 €xy = 2(1+v), Vo= v =y
d, =1, d,, =1-v VE V=V,
§ =5, =8,
It is assumed in the computations that
v =1y =03.

Figure 4 shows the variation of the buckling load parameter 5, and the wavelength para-
meter /2y with the curvature parameter k and the shear deformability parameter s. It
follows from equations (39) and (41) that the wavelength of buckling is independent of the
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F1G. 4. Buckling stresses and wavelengths for isotropic panels.

curvature when s = 0 and k < 2n? The wavelength of the initial buckles decreases, how-
ever, with increasing curvature and/or shear deformability when the latter is significant.
Figure 5 illustrates that shear deformability tends to have a destabilising effect on the post-
buckled behaviour when k and s are both small ; it also shows, however, that this trend is not
maintained when the wavelength of buckling is very short. Consider, for example, the results
obtained when s = 0-06. The stability of the load—(end strain) curve at the instant of buckl-
ing decreases with increasing curvature when k is less than about 4. When, however, k is
greater than 4, the stability of the load—{end strain) curve increases with the curvature until
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Fi1G. 5. Variation with k and s of the initial slope of the 5 vs. & curve when buckling occurs—isotropic
panels.

the wavelength becomes zero when k is about 5-4. It follows immediately from equation (29)
that the slope of the load—{(end strain} curve at the instant of buckling is independent of the
curvature and the shear deformability whenever the properties of the panel are such that
the wavelength of buckling is zero. This limiting case is largely of academic interest, however,
because the analysis is only applicable to composite materials when the wavelength is large
compared to the thickness.

It is interesting to compare the results obtained here for a panel with negligible shear
deformability to those given by Koiter [5] for a set of identical panels forming a complete
cylindrical shell. These panels are separated by stringers whose properties are such that the
buckling load of a typical panel is identical with that obtained in the present analysis. How-
ever, the post-buckled stiffness is larger because no slope discontinuity is permitted
between the normal deflections of adjacent panels. The results of the two analyses are
compared in the following table:

Value of k
Tangent to y vs. £ curve at
the instant of buckling Koiter Present analysis
Horizontal 81 48
Vertical downwards 117 72

5.2 Sandwich panels with corrugated cores

Sandwich panels with cores consisting of heavy corrugations parallel to the X axis are
chosen as a second numerical example. The longitudinal shear deformability s, of such
panels is very small and is here assumed to be negligible ; numerical results are given for
panels with the following membrane and bending properties:

=2, ey = 52, v =03,
0-5, dyy = 035, v, = 0-3.

The variation of the buckling load parameter n, and the wavelength parameter 7/2y with
the curvature parameter k and the shear deformability parameter s, is shown in Fig. 6.
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FiG. 6. Buckling stresses and wavelengths — s = 0.

The product e d, is here unity, so it again follows from equation (39) that the wavelength of
buckling is independent of the curvature when s, = 0 and when k is less than or equal to the
value specified by equation (41). The wavelength of the initial buckles increases, however,
with the curvature and/or the shear deformability when the latter is significant. It is illus-
trated in Fig. 7 that shear deformability tends to have a destabilising effect on the post-
buckled behaviour when the panel is curved. Shear deformability does, nevertheless,
slightly increase the slope of the post-buckled load—(end strain) curve of flat panels at the
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FIG. 7. Variation with k and s, of the initial slope of the 5 vs. £ curve when buckling occurs — s, = 0.

instant of buckling. The corresponding decrease in the buckling load is, of course, sufficient
to satisfy the necessary condition that the total work done in applying a given end strain is
reduced by the shear deformability.
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A6cTpakT—Mccnenyetcs binyyuBaHne GECKOHEYHO OMMHHBIX LIMAHHAPHYECKUX TIOJIOTUX NaHEIel, CKATBIX
OCEBBIM JaBJIEHMEM, CO CBOOONHO OmepThIMM KpaamH. YuutsiBaeTcsi nedopmaims casura. Haxomurcs
3HaYeHWe BeJTMYMHbI HAKIOHA KPMBOM Harpy3ku /M medopmauunu/ MPH MOCTOSHHOM BBINy4dBaHuMu. Pacc-
MaTPUBAIOTCSA U3OTPOMHBIA U OPTOTPOIHbIA MAaTEPUAJIBI. AHAIMTHYECKUE PACYETHI SABJIAIOTCH COTJIACHBIMH
C Pe3yNIbTATAMH BHINYYHBAHUA TTAHENEN, H3TOTOBJIEHHBIX CO CIOMCTHIX WIIM CIIOXKHBIX MATEPHAJIOB.



